Abstract. We present some blocks of Ariki-Koike algebras Hn,r where the decomposition matrices are independent of the characteristic of the underlying field. We complete the description of the graded decomposition numbers for blocks of Ariki-Koike algebras of weight at most two, which consists of analysing the indecomposable core blocks at level r = 3, and give a closed formula for the decomposition numbers in this case. We then look in detail at core blocks in higher levels whose weight graphs are trees. We end with some graded decomposition numbers for such blocks when r = 4.
This formula is close in spirit to the formulae given by Richards [35, Theorem 4.4] for decomposition numbers of weight 2 blocks of Hecke algebras of type A and Fayers [15, Theorem 3.18] for certain weight 2 blocks of Hecke algebras of type B. A faster way to compute the decomposition matrix for our blocks is given in Theorem 3.4 where, for each Kleshchev multipartition λ, we list the multipartitions µ such that D λ is a composition factor of S µ . In fact, the proof of Theorem 1 follows from case-by-case analysis of Theorem 3.4. For each multipartition in a core block, there is a natural way of associating a weight graph on r vertices. In weight two case above, the graph is a line on three vertices. A natural progression would be to consider core blocks for arbitrary values of r in which the weight graphs of the corresponding multipartitions are trees; this is indeed a block invarient property. We classify the blocks containing multipartitions whose weight graphs are trees and look in more detail at such blocks when r = 4.
Preliminaries
2.1. The Ariki-Koike algebras. Let F be a field of arbitrary characteristic. Pick r > 0 and n ≥ 0. Pick q ∈ F with q = 0, and let e be minimal such that 1 + q + · · · + q e−1 = 0, or 0 if no such value exists. Choose nonzero parameters Q 1 , . . . , Q r ∈ F. The Ariki-Koike algebra H n,r is the F-algebra with generators T 0 , . . . , T n−1 and relations (T i + q)(T i − 1) = 0 for 1 ≤ i ≤ n − 1, T i T j = T j T i for 1 ≤ i, j ≤ n − 1, |i − j| > 1,
We say two parameters Q s and Q t are q-connected if Q s = q k Q t for some k ∈ Z. A result of Dipper and Mathas [10] states that each Ariki-Koike algebra H n,r is Morita equivalent to a direct sum of tensor products of smaller algebras whose parameters are all q-connected. In view of this result, we may assume that our parameters are q-connected, in fact, that they are powers of q. If we set I = Z if e = 0, and I = {0, 1, . . . , e − 1} otherwise then there exists a unique a = (a 1 , . . . , a r ) ∈ I r such that Q s = q as for all 1 ≤ s ≤ r. We call a the multicharge.
The algebras H n,r are cellular algebras [20, 11] , with the cell modules indexed by r-multipartitions of n. (We provide a definition of multipartitions and Kleshchev multipartitions in the next section.) The simple modules arise as the heads of certain cell modules which are indexed by a subset of multipartitions known as Kleshchev multipartitions. This allows us to define the decomposition matrix of H n,r to be the matrix recording the multiplicity of a simple module D λ as a composition factor of a cell module S µ . However, this is not the end of the story. In [5] , Brundan and Kleshchev showed that the algebras H n,r are isomorphic to certain Z-graded algebras defined by Khovanov and Lauda [26, 27] and Rouquier [36] . The definition of these cyclotomic quiver Hecke algebras is not necessary for this paper; we refer the reader to the survey paper [28] for more information. We have, therefore, a grading on H n,r . (By grading, we will always mean Z-grading.) Moreover, the cell modules S µ admit a grading [7] and so we may talk about graded decomposition numbers. For a graded algebra A, we let Rep(A) denote the category of finite-dimensional graded right A-modules.
Recall that if M = ⊕ d∈Z M d ∈ Rep(A), then for k ∈ Z we define M k to be the A-module isomorphic to M but with grading shifted by k, that is, M k d = M d−k . Given M, L ∈ Rep(A) with L irreducible, we define the graded decomposition number
where v is an indeterminate over Z and [M : L k ] is the graded multiplicity of L k in M . To see that this is well-defined, we refer the reader to [34] (but see also [28] ).
Our aim is to compute certain graded decomposition numbers. To this end, we must first introduce some combinatorics.
Partitions and abacus displays.
A partition λ of n is a weakly decreasing sequence of non-negative integers (λ 1 , λ 2 , . . . ), where |λ| = ∞ x=1 λ x = n. An r-multipartition of n (usually called a multipartition) is an r-tuple λ = (λ (1) , λ (2) , . . . , λ (r) ) of partitions such that |λ (1) | + |λ (2) | + . . . + |λ (r) | = n. Let P r n denote the set of r-multipartitions of n and and set P r = ∪ n≥0 P r n . We define a partial order on P for all 1 ≤ t ≤ r and z ≥ 0, and we say that µ ⊲ λ if µ λ and µ = λ. We make the usual identification of λ with its Young diagram: the collection of nodes
x } ⊂ {1, 2, . . . , r} × Z >0 × Z >0 . More generally, we refer to any (s, x, y) ∈ {1, 2, . . . , r} × Z >0 × Z >0 as a node and say that (s, x, y) is above (s ′ , x ′ , y ′ ) if and only if s < s ′ or s = s ′ and x < x ′ . A node is a removable/addable node of λ if removing it from / adding it to λ yields the Young diagram of another multipartition.
Recall that we have fixed a multicharge a = (a 1 , a 2 , . . . , a r ) ∈ I r . Define the residue of a node A = (s, x, y) by res(A) = a s − x + y mod e, if e > 0, and res(A) = a s − x + y if e = 0. We refer to nodes of residue i as i-nodes and write write c i (λ) for the number of i-nodes in λ. If λ is formed from σ by adding k > 0 nodes, all of residue i, then we write σ A removable i-node A of λ is normal if whenever B is an addable i-node below A there are more removable i-nodes between A and B than addable i-nodes. The highest normal i-node in λ -if such a thing exists -is said to be good. A multipartition λ is called Kleshchev if it is empty, or if another Kleshchev multipartition can be obtained from it by removing a good node (of any residue). If r = 1, Kleshchev is equivalent to erestricted. As previously mentioned, the Kleshchev multipartitions will index the irreducible H n,r -modules.
It will be convenient to describe multipartitions in terms of abacus configurations. Suppose that λ is a partition and let a ∈ I. For j ≥ 1, set β j = λ j − j + a and define β a (λ) = {β j | j ≥ 1} to be the set of β-numbers associated with the partition λ and the charge a. Take an abacus with runners indexed from left to right by the elements of I with possible bead positions indexed by the elements of Z from top to bottom and left to right, such that for i ∈ I, the integers k ≡ i mod e appear on runner i. The abacus configuration of λ with respect to a is then the abacus configuration with a bead at position β j for each j ≥ 1. If e = 0, runners are indexed by the elements of Z, with one bead appearing on runner i for each i ∈ β a (λ). For a multipartition λ = (λ (1) , λ (2) , . . . , λ (r) ), the abacus configuration of λ is the r-tuple of abacuses in which abacus s represents the β-numbers β as (λ (s) ). Note that increasing (resp. decreasing) a β-number by one in any of these sets corresponds to moving a bead across from a runner i − 1 to runner i (resp. from runner i to runner i − 1), considered modulo e, and that this corresponds to adding (resp. removing) a node of residue i from the Young diagram of λ.
Defined thus, when e ≥ 2 each runner of the abacus contains an infinite 'sea' of beads that does not actually encode any information about the shape of the corresponding partition. If we consider a truncated abacus configuration to be one with only finitely many beads on each runner, then we can associate it with a partition by filling in all the rows above its highest bead with other beads. Conversely, if we pick N to be maximal so that x ∈ β(λ) whenever x < N e, we can define a canonical finite abacus configuration for λ to be the one corresponding to the set β a (λ) ∩ {N e, N e + 1, . . . }. Considering this truncated abacus amounts to ignoring all the rows that do not affect the shape of the corresponding partition.
Having set up our combinatorics, we may now return to the algebra H n,r .
2.3. Specht modules, simple modules, and blocks. The Ariki-Koike algebras are cellular [20, 11] , with cell modules, called Specht modules, indexed by r-multipartitions of n, and denoted S λ for λ ∈ P r n . By the general theory of cellular algebras, each S λ comes equipped with an H n,r -invariant bilinear form, and every simple H n,r -module occurs as the quotient of some unique S λ by the radical of this form. Write D λ for the module obtained from S λ in this way. It is known that the Specht modules S λ are graded [7] and therefore the (non-zero) quotient modules D λ inherit this grading. Given a multipartition µ and a Kleshchev multipartition λ, define d µλ (v) to be the graded multiplicity of D λ as a composition factor of S µ .
The most important open problem in the representation theory of H n,r is to determine these composition multiplicities. Recall that
, where we assume 0 ∈ N.
Theorem 2.2 ( [20, 1, 7] ). Suppose that µ is a multipartition and λ a Kleshchev multipartition of n. Then the following results hold.
(
We note that if char(F) = 0 then there exist graded decomposition numbers that do not lie in N [v] . The smallest known such example, due to Anton Evseev [12] , is when r = 1, n = 8 and e = p = 2, so for the symmetric group algebra F 2 S 8 . Setting λ = (1 8 ) and µ = (3, 2 2 , 1) we have d µλ (v) = v −1 + v. One way of computing decomposition numbers is by using i-induction. We note that Proposition 2.3 below, while sufficient for our purposes, is only an application of some far more general theory. Assume v to be an indeterminant over C and define the Fock space F (a) to be the C(v)-vector space with basis P r . Then F (a) becomes a module for the quantized enveloping algebra U v (g) where g = sl e (C) if e > 0 and g = sl ∞ (C) if e = 0. We describe the action of the divided powers of the Chevalley generators F i , where i ∈ Z/eZ. If σ ∈ P r then for k > 0, we have
For a Kleshchev multipartition λ ∈ P r n , define
Proposition 2.3. Suppose that P (σ) = σ and that there exist i 1 , i 2 , . . . , i m ∈ Z/eZ and
or equivalently,
i1 σ. Proof. When F = C, these polynomials agree with those computed when applying the LLT conjecture. By [6] , these agree with the decomposition numbers. If F has positive characteristic, the proposition then follows from the theory of graded adjustment matrices, again by [6] .
Since H n,r is cellular, all composition factors of a Specht modules lie in the same block, so to classify the blocks of the H n,r , it is sufficient to decide when two Specht modules lie in the same block.
Proposition 2.4 ([32]). Two Specht modules S
λ and S µ lie in the same block if and only if c i (λ) = c i (µ) for all i ∈ Z/eZ. If r = 1, then an alternative description of the blocks can be given as follows. If e = 0, the algebra is semisimple, so assume e > 0. Define the weight (more precisely, e-weight) of a partition λ to be the number of rim e-hooks that can be removed from it in succession. The partition left afterwards is called the core of λ, and hence partitions from which no rim hooks can be removed are called cores. Since removing an e-rim hook corresponds to moving a moving a bead up one position on the abacus, a core corresponds to an abacus configuration in which no bead can be moved any higher on its runner. Then two Specht modules S λ and S µ lie in the same block if and only if λ and µ have the same core and the same weight. When r > 1, the natural generalization of this construction is incorrect. Say that a multipartition is a multicore if e = 0 of if e ≥ 2 and the multipartition does not have any removable e-rim hooks. Note that if S λ and S µ lie in the same block, it is possible to have λ be a multicore, but µ not. We define a core block to be a block in which all the Specht modules correspond to multicores; note that if e = 0 then every block is a core block. The following definition is due to Fayers [14] . We define the weight of a multipartition λ by
It follows from Proposition 2.4 that if S λ and S µ lie in the same block then wt(λ) = wt(µ) and so we will talk about the weight of a block. This definition of 'weight' agrees with the definition of the 'defect' of the corresponding block of the cyclotomic quiver Hecke algebra [28, Eqn. (3.10) ].
Fayers' ingenious definition of the weight of a multipartition is not so easy to read off the abacus; in particular, it is not generally true that multicores have weight zero. The following facts about the weight function are proved in [14] . wt(λ (s) , λ (t) ).
Using these results, the computation of wt(λ) reduces to the case where λ is a bicore, which is also described in [14] . Note that if S λ lies in a block which is not a core block then wt(λ) ≥ r. Hence blocks of small weight often correspond to core blocks. In fact, it is possible to further simplify the decomposition matrices corresponding to core blocks. Say λ ∈ P r n is decomposable if there exist proper subsets S and T partitioning {1, . . . , r} in such a way that wt(λ (s) , λ (t) ) = 0 whenever s ∈ S and t ∈ T . If S = {s 1 , . . . , s a } define λ S = (λ (s1) , . . . , λ (sa) ) and define λ T analogously. In view of the following results of Fayers, which are proved in section 3.5 of [17] , it makes sense to talk about decomposable blocks. Proposition 2.6. Let λ be a decomposable multipartition with S and T as in the definition above.
( For λ lying in a core block, define the weight graph G(λ) of λ to be the undirected graph with vertices {1, 2, . . . , r} and with wt(λ (s) , λ (t) ) edges between vertices s and t. From the definition above, it is clear that wt(λ) is the number of edges in G(λ) and that λ is indecomposable if and only if G(λ) is connected.
We are now in a position to consider what is known about blocks of small weight. If a block has weight 0, it contains one cell module S λ with S λ ∼ = D λ . A block of weight 1 must either satisfy r = 1 or be a core block, where either r = 2 or the block is decomposable with the weight graph consisting of a single edge between two vertices. The decomposition numbers in the former case are well-known [24] . The case that r = 2 is dealt with explicitly in [14] ; however the results may easily be seen to extend to r > 2.
A block of weight 2 must either have r ≤ 2 or be a core block. The former cases have been dealt with [35, 13, 15] . If it is a decomposable core block, then the techniques in [14, 15] enable us to determine the decomposition matrices. The remaining open case, which we consider in the next section, is when we have an indecomposable core block, that is, when r = 3 and the weight graph is a line.
2.4. Core blocks. We finish this section with some remarks on core blocks. Recall that I = {0, 1, . . . , e − 1} if e ≥ 2 and I = Z if e = 0.
Let M be the set of matrices M with entries in {0, 1} with r rows labelled 1, 2, . . . , r and with columns labelled by the ordered elements of I, where if e = 0 then for all 1 ≤ s ≤ r, we have M (s, i) = 1 and M (s, j) = 0 for all i ≪ 0 and all j ≫ 0. LetM ⊆ M be the subset of M consisting of matrices with the further property that if e ≥ 2 then each column contains at least one 0.
If e ≥ 2, let B denote the set of tuples B = (b 0 , . . . , b e−1 ) ∈ N e such that b i = 0 for at least one value of i and if e = 0, let B = {0}. We call B the set of base tuples. For e ≥ 2, let 0 denote the zero tuple (0, . . . , 0). Our first step is to set up a function B × M → I r × P r which identifies a base tuple B and a matrix M ∈ M with a multicharge a and a partition λ in a core block (with respect to that multicharge). If we restrict to B ×M, the map will be an injection. Suppose first that e = 0 so that all multipartitions lie in core blocks. Then there is a bijection between I r × P r and B × M: namely, given a = (a 1 , a 2 , . . . , a r ) ∈ I r and λ ∈ P r , we identify them with the unique base tuple 0 ∈ B and the matrix M ∈ M given by
for all 1 ≤ s ≤ r and i ∈ I. We write λ = Pt(0, M ) (and note that λ is identified with a Young diagram along with its collection of residues, and therefore incorporates complete information about the multicharge). Let ≺ be the total order on Z, which in this case agrees with the usual total order <. Now suppose e ≥ 2. For B ∈ B, we define a total order ≺ on {0, 1, . . . , e − 1} by saying that
and set π = π(B) to be the permutation of {0, 1, . . . , e − 1} such that
For M ∈ M and B = (b 0 , . . . , b e−1 ) ∈ B, we define an r-tuple of truncated abaci by saying #{Beads on runner i of abacus s}
If λ is the multipartition associated to this configuration and a is the corresponding multicharge then we write λ = Pt(B, M ) (again on the understanding that information about the multicharge is incorporated in λ). By M (s, π −1 (i)) we mean the entry in the row indexed by s and the column indexed by π −1 (i), where 1 ≤ s ≤ r and 0 ≤ π −1 (i) ≤ e − 1. We now go back to the general case where e = 0 or e ≥ 2. We now describe how to calculate the weight of a core block, and, given S λ in a core block, how to describe the other Specht modules in the block. First suppose M ∈ M. For 1 ≤ s, t ≤ r define
Proof. Allowing for the change of notation, this follows from [14] .
Let M ∈ M. Suppose there exist i, j ∈ I and 1 ≤ s, t ≤ r with
Let M ′ be the matrix with
Say that M ′ is obtained from M by a bead swap, and define the equivalence relation ∼ b on M to be the equivalence relation generated by all bead swaps. The next result comes from [17] . We may therefore identify the Specht modules in a core block with the elements in an equivalence class of M/ ∼ b . The next results suggest that this will be a useful identification. Proof. It suffices to prove that we can reduce from λ to µ by removing a sequence of good nodes. Clearly, if the highest s nodes of a given residue in λ are all normal, then the multipartition σ obtained from λ by removing them all will be Kleshchev if and only if λ is Kleshchev. Writing B = (b 0 , . . . , b e−1 ) as usual, we will proceed by induction on e−1 i=0 b i ≥ 0, with the base case being trivial. We begin by considering the case when b i < b i+1 for some i. Then it is not possible for there to be any addable i + 1-nodes in λ, and so all removable i + 1-nodes are normal. The multipartition σ obtained by removing all the removable i + 1-nodes satisfies σ = Pt(B ′ , M ), where
. . , b e−1 ) (observe that i and i + 1 swap places in the ≺ ordering as we pass from λ to σ, so M does not change) and λ is Kleshchev if and only if σ is Kleshchev. By repeatedly applying this argument, we may assume that
for some 0 ≤ j < k ≤ e − 1. Now there are two cases to consider.
Firstly, if b 0 > 1 then there are removable 0-nodes in λ but no addable 0-nodes, and so we can consider the multipartition σ obtained by removing all removable 0-nodes from λ as above. Again, σ will be Kleshchev if and only if λ is, and since 0 and e − 1 swap places in the ≺ ordering as we pass from λ to σ we can write
. . , b e−2 , b 0 − 1) and we can return to the previous case, but with fewer entries of the multicharge equal to 0, so we may repeat the arguemtn until we obtain k = e − 1. If k = e − 1, then b e−2 > 0, and (since the definition of B requires at least one entry to be zero) we have
and we can apply the inductive hypothesis to σ. Secondly (and finally) we have the case in which b 0 = 1 and j = k − 1, so that B = (1, . . . , 1, 0, . . . , 0) with the final 1 occurring in the jth position. Here we can reduce to the base case: this time, let σ be obtained from λ by moving every bead in λ j positions to the left. Then σ = Pt(0, M ) = µ, since the columns corresponding to the ones in λ now correspond to the rightmost zeros in µ, so M remains unchanged. Now, since the only difference between µ and λ is that the multicharge associated to σ = µ is obtained by subtracting k mod e from each entry in the multicharge associated to λ, it follows that λ is Kleshchev if and only if µ is.
Define the set Ind(e) by
Ind(e) = Z, e = 0, {1, 2, . . . , e − 1}, e ≥ 2. Now let L ∈ M. Suppose that we have i ∈ Ind(e) and k > 0. Write
We can think of this as moving k ones from column i − 1 to column i (and k zeros back). If L Consider the C(v)-vector space with basis the elements of M. For L ∈ M, i ∈ Ind(e) and k > 0, define
and extend linearly to give an action on the whole space.
Proposition 2.11. Suppose that σ = Pt(B, L). Let i ∈ Ind(e) and k > 0 and suppose that
Then there exist i 1 , i 2 , . . . , i m ′ ∈ Z/eZ and k 1 , k 2 , . . . , k m ′ > 0 such that
Proof. If e = 0 then this follows immediately from the definitions, so suppose that e ≥ 2. Let ≺ be the total order on I = {0, 1, . . . , e − 1} associated with the base tuple B = (b 0 , b 1 , . . . , b e−1 ) and π the corresponding permutation. Let j 0 = π(i − 1) and let j 1 = π(i) so that j 0 ≺ j 1 and there does not exist j
To minimise notation, we will assume that j 0 = 0; for the more general case, either make some slight modifications to the argument below or note that the combinatorics do not change if we shift the multicharge so that this holds. Now observe that the base tuple B satisfies the following properties:
. . < l m are the elements of the set
so that j 0 = l 0 and j 1 = l y for some y. We claim that
Before continuing with this proof, the reader might like to examine Example 3 below. We first investigate which abacus configurations can occur as a result of this induction sequence. Consider
lm+1 )σ. With the restrictions on the abacus configuration for σ, the abacus configurations that occur in this sum are those that can be obtained by choosing k∆ beads each of which lies on runner j 1 of some abacus and moving each of them forward e − j 1 positions to an empty position on runner 0. Now let τ be such a configuration, where δ s such beads have been moved on abacus s, for 1 ≤ s ≤ r, and consider So suppose that τ is such that we have 1 ≤ r 1 < r 2 < . . . < r k ≤ r with L(r a , i − 1) = 1 and L(r a , i) = 0 and δ sa = ∆ for all 1 ≤ a ≤ k. Then τ is formed from σ by moving the last ∆ beads on runner j 1 of abacuses r 1 , r 2 , . . . , r k along e − j 1 positions to runner 0. The only multipartition that then occurs in Equation 2.2 corresponds to the multipartition formed by then moving the last ∆ + 1 beads on runner 0 of abacus r a along j 1 positions to runner j 1 for each 1 ≤ a ≤ k.
In short, the multipartitions which occur on the right hand side of Equation 2.1 are exactly those formed by choosing 1 ≤ r 1 < r 2 < . . . < r k ≤ r with L(r a , i − 1) = 1 and L(r a , i) = 0 and moving a bead in each abacus configuration σ (ra) from the last full position on runner 0 to the first empty position on runner j 1 . Hence we have shown that Equation 2.1 is equal to 
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0 σ is given by → +v Corollary 2.12. Suppose that σ = Pt(B, L) and that wt(σ) = 0. Suppose that there exist i 1 , i 2 , . . . , i m ∈ Ind(e) and k 1 , k 2 , . . . , k m with k l > 0 for all l such that
Proof. This follows from Proposition 2.3 and Proposition 2.11.
Above, we introduced the sets M andM. By Lemma 2.7 and Lemma 2.9, the core blocks may be described using only the matrices inM. However, in order to state and apply Proposition 2.11, we need to use the matrices in M. We now show that when inducing, as in Corollary 2.12 or otherwise, we can ignore columns of L in which all entries are the same. This is intuitively obvious when the column consists of zeros, and not difficult to show when there is a column consisting of ones.
Lemma 2.13. Suppose that L ∈ M. Let i 1 , i 2 , . . . , i m ∈ Ind(e) and k 1 , k 2 , . . . , k m with k l > 0 for all l and suppose
be the set of matrices obtained by adding a column consisting entirely of zeros or entirely of ones to the same position in every matrix in M, with the bijection
If e ≥ 2 (resp. e = 0) there existī 1 ,ī 2 , . . . ,īm ∈ Ind(e + 1) (resp. Ind(e)) andk 1 
. If the column added is between columns i l − 1 and i l then replace G
if we add a column of zeros and
i l +1 if we add a column of ones. If we can find decomposition numbers using Corollary 2.12, then they are independent of the characteristic of the field. In the next sections, we demonstrate some core blocks for which this is the case. It is not true that decomposition numbers for core blocks are always independent of the field. For example, if e = 0 then all blocks are core blocks. However, if e = 0, r = 8, a = (4, 4, 3, 3, 2, 2, 1, 1) and λ = ((2), (2), (1), (1), (3), (3), (2), (2)) then dim(D λ ) is is smaller in characteristic 2 than in characteristic 0 [37] . (We would like to thank Andrew Mathas for his translation of Williamson's example into the notation used in this paper.)
Indecomposable weight blocks of weight two
In this section, we assume that r = 3 and consider the indecomposable core blocks of weight 2. We begin by describing these blocks, and then use Corollary 2.12 to compute the decomposition matrices. If λ = Pt(B, M ) recall the relation between wt(M ) and wt(λ) described in Lemma 2.8. The notation is taken to mean that M is a 3 × (x + y + z + 2)-matrix, with x columns equal to the entry below x and so on, and columns appearing in any order. The subscripts on 1 y and 1 z should be ignored for the moment. Note that the matrices indexed by high superscripts are obtained from matrices directly above by rearranging the rows.
) = 0. The latter requirement means that there cannot simultaneously be columns of the form (1 * 0)
T and (0 ⋆ 1)
T , which taken in conjunction with the former requirement means that there must be r columns of the form (1 0 1) T and s columns of the form (0 1 0) T , with r, s ≥ 1 and either r = 1 or s = 1. If r = s = 1 then the condition above shows that we end up with either γ 1 or γ 6 . If r > 1 then we cannot have any columns of the form (0 1 1)
T or (1 1 0) T and we cannot have both (1 0 0) T and (0 0 1) T occuring, so we end up with either α 2 or α 4 . Similarly if s > 1 we end up with either α 3 or α 5 . All other cases now follow by permuting the rows of the matrices determined above.
It is straightforward to give an analogue of Proposition 3.1 for e = 0: For δ ∈ {α, β, γ} and 1 ≤ u ≤ 6, replace matrices of the form δ u with matrices whose rows are indexed by the elements of Z in the obvious way. For example, replace γ 1 with a matrix which has z ≥ 0 columns equal to (0 0 1) T , y ≥ 0 columns equal to (0 1 1) T and one column equal to (0 1 0) T and to (1 0 1) T ; and where all other columns are equal to (0 0 0) T or (1 1 1) T with all columns of sufficiently high index containing the former and all columns of sufficiently low index containing the latter.
Fix once and for all a base tuple B ∈ B. From now on, we do not differentiate between a matrix M ∈ M and the partition Pt(B, M ). We will, for example, refer to a matrix M as being Kleshchev whenever Pt(B, M ) is Kleshchev; by Proposition 2.10, this is independent of the choice of B.
Suppose we have integers y, z ≥ 0 and a partition
• |Y | = y + 1 and |Z| = z + 1.
. . , i y+1 } and Z = {j 1 , j 2 , . . . , j z+1 } where we assume that i 1 < i 2 . . . < i y+1 and j 1 < j 2 < . . . < j z+1 . We now use the notation of Proposition 3.1. Let 1 ≤ u ≤ 6 and δ ∈ {α, β, γ}.
We define the following elements of M.
be the matrix where for c ∈ I, column c is equal to
Proposition 3.2. Suppose that we have an indecomposable core block of weight 2 with r = 3. Then the Specht modules are indexed by the matrices
Proof. By Lemma 2.9, this is equivalent to showing that the equivalence classes generated by bead swaps are as described above. Furthermore, it is sufficient to consider the case where u = 1, since the matrices for u ≥ 2 are obtained by permuting the rows of these matrices. Let 1 ≤ k ≤ y + 1 and consider the matrix α 1 k . Performing a single bead swap on this matrix gives us the matrices {α 
Henceforth we fix a partition I = X ⊔X ′ ⊔Y ⊔Z satisfying the conditions overleaf. Let Y = {i 1 , i 2 , . . . , i y+1 } and Z = {j 1 , j 2 , . . . , j z+1 } where i 1 < i 2 < . . . < i y+1 and j 1 < j 2 < . . . j z+1 . For 1 ≤ u ≤ 6 define
to be the set of matrices indexing the Specht modules lying in the corresponding block. 
Proof. In view of Proposition 2.10 it is sufficient to consider the case in which B = 0, so that the relation ≺ is identical to <, and there is a maximum of one bead on each runner. This means that if e ≥ 2, there are no removable 0-nodes in λ = Pt(0, M ), since it is a multicore. Any removable i-node of λ corresponds to an entry 1 in column i of M that has an entry 0 immediately to its left (call this an "01"), and any addable i-node corresponds to a 0 in column i that has a 1 immediately to its left (likewise, a "10"). We can read off normality from M : the 1 in an "01" corresponds to an abnormal node if and only if there is no "01" below it but at least one "10", or there is an "01" below it with a "10" in between them. At any given point and for any i, the good i-node is simply the normal i-node corresponding to a 1 in the highest possible row. Removing a node simply corresponds to moving a 1 one space to the left, and λ is Kleshchev if and only if we can move all the 1s all the way to the left without ever removing any abnormal nodes.
We will describe the α Consider the matrix α 1 k : the condition in the proposition amounts to the requirement that there be at least one z(α 1 ) column to the right of the 1(α 1 ) column. The only potentially abnormal nodes correspond to the 1s in the 1(α 1 ) column, with the abnormality occurring at the stage at which we attempt to move them past either a y(α 1 ) or a z(α 1 ) column to its left -and since there must be at least one z(α 1 ) column somewhere in M , this will definitely happen if the required condition is not met. To get rid of this abnormality, we need to fill the 1(α 1 ) column with 1s, which is to say we need to be able to move a 1 on the bottom row to the left, into the 1(α 1 ) column. If we can do this, we can then move all the 1s all the way to the left, by moving leftmost columns first and working from the top row to the bottom.
For the matrix β 1 l , initially, the only potentially abnormal node corresponds to the 1 entry in the 1(β 1 ) column. The condition in the proposition is equivalent to the assertion that there is a y(β 1 ) column somewhere to the right of the 1(β 1 ) column. If this is the case, then we can fill the 1(α 1 ) column with 1s by removing normal nodes, and from that configuration all the 1s can be moved all the way to the left, as in the previous paragraph. On the other hand, if i y+1 < j l , so there is no y(β 1 ) column to the right of the 1(β 1 ) column but at least one to its left, then it is impossible to move the 1 in the top row all the way to the left -there is always a "10" in the middle row to block it.
For the matrix γ 1 kl , the condition in the proposition says that if the 1 z (γ 1 ) column is to the right of the 1 y (γ 1 ) column then there must be at least one z(γ 1 ) column further to its right, and if the 1 y (γ 1 ) column is to the right of the 1 z (γ 1 ) column then there must be a y(γ 1 ) column further to its right. Either way, the 1 y (γ 1 ) and 1 z (γ 1 ) columns contain the 1s corresponding to the only potentially abnormal nodes, and λ will once again be Kleshchev if we can manage to fill whichever of these columns is leftmost with 1s. If the 1 y (γ 1 ) column occurs to the right of the 1 z (γ 1 ) column then at some stage we need to move an abnormal 1 in the middle row; provided that there is a 1 in the bottom row somewhere to its right, we can move it until it is below the abnormal 1, at which point the previously addable node that was causing the abnormality will no longer be addable. (That is, the "10" in the bottom row will have become a "11.") On the other hand, if the 1 z (γ 1 ) column occurs to the right of the 1 y (γ 1 ) column then at some stage we first to move an abnormal 1 in the top row -provided there is a z(γ 1 ) somewhere to its right, we can move both its 1s over until the abnormal 1 is rendered normal, then we need to move the 1 in the bottom row, which cannot be abnormal (but will only be good once the 1 in the top row is dealt with). Either way, once the leftmost of the 1 y (γ 1 ) and 1 z (γ 1 ) columns has been filled with 1s, we can proceed as in the α Remark. Combining Proposition 3.2 and Proposition 3.3, a simple counting argument shows that there are (y + 2)(z + 2) − 1 Specht modules and (y + 1)(z + 1) simple modules in each block.
We are now ready to compute the decomposition matrices. Recall that if λ is a Kleshchev multipartition, we defined
If e ≥ 2, set i 0 = j 0 = −1 and i y+2 = j z+2 = e. If e = 0, choose i 0 , j 0 ≪ 0 and i y+2 , j z+2 ≫ 0. We make these definitions so that the indicesk,l below always exist.
Theorem 3.4. We now find P (δ) for all Kleshchev multipartitions δ ∈ D
u , for each 1 ≤ u ≤ 6.
(1)
• Suppose that α 1 k is Kleshchev. Letk be minimal such that i k < jk. Then
• Suppose that β 1 l is Kleshchev. Letl be minimal such that j l < il. Then
, j l+1 < il.
• Suppose that γ 1 k,l is Kleshchev. Then
• Suppose that α u k is Kleshchev. Letk be minimal such that i k < jk. Then
• Suppose that β u l is Kleshchev. Letl be maximal such that il < j l . Then
, il < j l−1 .
• Suppose that γ u k,l is Kleshchev. Then
(3) Suppose that u = 4 or u = 5.
• Suppose that α u k is Kleshchev; note that this implies that k = y + 1. Letk be maximal such that jk < i k . Then
• Suppose that β u l is Kleshchev. Letl be minimal such that j l < il. Then
• Suppose that γ u k,l is Kleshchev.
• Suppose that α 6 k is Kleshchev. Letk be maximal such that jk < i k . Then
• Suppose that β 6 l is Kleshchev. Letl be maximal such that il < j l . Then
• Suppose that γ 6 k,l is Kleshchev. Then
Before proving this theorem, we give an example. Recall that when we change the values of u, we essentially permute the rows of the matrix and hence the order of the terms in the multicharge and the components in the multipartitions. From the example below, we can see that this leads to a non-trivial rearrangement of the decomposition matrices. 
(∅|2, 1|1
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Proof of Theorem 3.4. The proof of the main theorem is given by a case-by-case analysis in which we apply Corollary 2.12. Rather than go through each one, we look in detail at some cases when u = 6; we believe that this will sufficiently illustrate the techniques we use so that the reader can verify the remainder for themselves. By Lemma 2.13, we may assume that if e ≥ 2 then X, X ′ = ∅ and if e = 0 then if c ∈ X then c + 1 ∈ X and if c ∈ X ′ then c − 1 ∈ X ′ . Suppose that α 6 k is Kleshchev so that j 1 < i k . Choosek maximal such that jk < i k . Suppose first that i k−1 < jk. Then jk + 1 = i k and part of the matrix for γ .
The case where β 6 l is Kleshchev is very similar, so we omit it here and finish by looking in detail at the Kleshchev multipartitions γ 6 kl where i k < j l and k = 1. First suppose that j l−1 < i k−1 < i k < j l . Then part of the matrix for γ Finally, suppose that i k−1 < i k < j l−1 < j l . Then part of the matrix for γ 
We now use Theorem 3.4 to prove Theorem 1. Recall that if µ and λ belong to the same block then µ ❀ λ if λ is formed from µ by removing a single rim hook from component k and attaching it to component k + 1, where k ∈ {1, 2, . . . , r − 1}, and if the leg lengths of these two hooks are equal then we write µ − ❀ λ. (1) µ ❀ λ if and only if there exist i, j ∈ I with i < j and k ∈ {1, 2} such that
and
and only if µ ❀ λ and, for the i and j specified in part (i), we have
Proof. The condition in part (i) says that row k + 1 of M is obtained from row k + 1 of L by moving a 1 to the right from column i to column j, into a position occupied by a 0. In terms of abaci, this means removing a bead from the bottom of one runner of µ (k+1) and adding a bead to the bottom of another runner. Although the ordering ≺ will determine precisely which runners of the abacus display are affected, the condition i < j does require that the bead that is added will have a higher β-number. Consequently, one can regard λ (k+1) as being obtained from µ (k+1) by moving a bead a number of spaces to the right (with the usual convention that moving a bead to the right from runner e − 1 takes it to runner 0 of the next row down). This corresponds precisely to adding a rim hook to µ (k+1) : the number of boxes added is equal to the number of spaces the bead is moved (which will depend on B). Similarly, the condition in part (i) says that λ (k) is obtained from µ (k) by removing a rim hook, so if the condition is satisfied then µ ❀ λ.
In general, if λ is obtained from µ by removing a rim hook from µ (k) and adding a rim hook of the same size to µ (k+1) , then the corresponding abaci could be related by moving beads between different runners in µ (k) than µ (k+1) (that is, by moving 1s between different columns in row k of L than in row k + 1) or by moving beads that are not the lowest beads on their runners (in which case λ would no longer be a multicore). However, since we are assuming that λ and µ lie in the same block, the bead shift in component k + 1 must involve the same columns as the bead shift in component k in order to satisfy Proposition 2.4. Moreover, since we are assuming that the block is a core block, the only beads we can move in µ are those that are the lowest on their respective runners. So, if µ ❀ λ then the condition in part (i) must hold.
The condition in part (ii) involves counting the number of 1s between column i and column j of the matrix L, in both rows k and k + 1, which is a number that is connected to the leg length of the rim hooks that we are adding and removing. When we move a bead to the right in the abacus display for µ (k+1) , thereby adding a rim hook, the leg length of that rim hook is equal to the number of beads past which we move. (A similar statement holds for the leg length of the rim hook removed from µ (k) .) While this number will be partly determined by B, it is at least the case that the way B is used to determine abaci is the same in µ
as it is in µ (k+1) , and so the base tuple's contribution to the leg length of the hooks that are added/removed will be the same in components k and k + 1. Additional beads encountered as we move to the right in µ (k+1)
will comprise some of those extra beads added to the base abacus to construct µ (k+1) (which is to say those beads encoded by 1s in row k + 1 of the matrix L). Specifically, because of the way that the ordering ≺ relates the columns of L to the runners on the abacus, the beads that we encounter will be precisely those that correspond to 1s between column i and column j of row k + 1 of L. Since a similar statement holds for row k, it follows that µ − ❀ λ if and only if rows k and k + 1 of L contain an equal number of 1s between column i and column j, which is precisely the condition in part (ii) of the lemma.
If λ is a Kleshchev multipartition, recall that λ = (λ M ) ′ is the conjugate of the image of λ under the generalised Mullineux involution -see [18, §2] or [6, §3.10] for a definition. Theorem 1 was as follows.
Theorem 3.6. Suppose that λ and µ are 3-multipartitions in an indecomposable core block of weight 2 and that λ is a Kleshchev multipartition. Then
The result will follow from a case-by-case analysis of Theorem 3.4. First recall the following result. (2) We have d µλ (v) = 0 unless λ µ λ.
So suppose that λ is a Kleshchev 3-multipartition in an indecomposable core block of weight 2. From Theorem 3.7 and Theorem 3.4 we can read off λ and we know that d µλ (v) = 0 unless λ µ λ, where d λλ (v) = 1 and d λλ (v) = v 2 . So to prove Theorem 3.6, we take a set containing all partitions τ such that λ ⊲ τ ⊲ λ and use Lemma 3.5 to show that the partitions µ in that set satisfy either µ − ❀ λ or λ − ❀ µ if and only if the coefficient of µ in P (λ) is v. We remark that it turns out to be the case that if µ ❀ λ and λ ❀ µ then µ − ❀ λ if and only if λ − ❀ µ. Below, we give the details for the cases u = 2 and u = 3. The notation is that used in Theorem 3.4. We leave verification of the other four cases as an exercise to the reader. •
We have the following relations:
We now look at all the Kleshchev multipartitions in the block.
(1) Suppose that λ = α u k is Kleshchev. Letk be minimal such that i k < jk.
. From Lemma 3.8 the only partitions that can have the property that λ ⊲ µ ⊲ λ belong to the set
. From Lemma 3.8 the only partition that can have the property
• Suppose that i k−1 < i k < j l < j l+1 . Then λ = γ u k−1,l+1 . From Lemma 3.8 the only partitions that can have the property that λ ⊲ µ ⊲ λ belong to the set
From Lemma 3.8 the only partitions that can have the property that λ ⊲ µ ⊲ λ belong to the set
• Suppose that j l < i k−1 < i k < j l+1 . Then λ = α k−1 . From Lemma 3.8 the only partitions that can have the property that λ ⊲ µ ⊲ λ belong to the set
• Suppose that i k−1 < j l < j l+1 < i k . Then λ = β l . From Lemma 3.8 the only partitions that can have the property that λ ⊲ µ ⊲ λ belong to the set
This concludes the proof of Theorem 3.6 when u = 2 and u = 3.
Core blocks whose weight graphs are trees
Understanding decomposition numbers for core blocks would imply an understanding of decomposition numbers when e = 0; these numbers are known when r ≤ 2 [31, 8] (or, trivially when r = 1). As a next step, we start to investigate indecomposable core blocks where the weight graphs of the Specht modules are trees. Recall that if S λ is in a core block then the weight graph G(λ) has vertices {1, 2, . . . , r} with wt(λ (s) , λ (t) ) edges between vertices s and t. To each λ with S λ in an indecomposable core block we associated λ = Pt(B, M ) for B ∈ B and M ∈M; set G(M ) = G(λ). Using Lemma 2.8 we can read G(M ) from M without refering to λ: we defined
M (t, s) edges between vertices t and s. If S λ is in a core block and G(λ) is a tree then it is a connected graph on r vertices with r − 1 edges. If S µ is in the same block as S λ then, by Proposition 2.6, G(µ) is also connected with r − 1 edges, so whether the weight graph is a tree is indeed a block invarient property.
We begin by describing the matrices M ∈ M which have the property that G(M ) is a tree. We say that two matrices are row equivalent if one can be obtained from another by rearranging the rows; clearly if M ′ is obtained from M by such a rearrangement then G(M ) is a tree if and only if G(M ′ ) is a tree. We start by defining some column vectors. Note that our convention is to read vectors from top to bottom. Suppose that 0 ≤ a ≤ r. Define I(a) to be the column vector of length r given by
Fix a composition y = (y 1 , y 2 , . . . , y r−1 ) such that y 1 , y r−1 ≥ 1. For 1 ≤ t ≤ r − 1, let P t (y) be the set of pairs (i, j) with i = (i 1 , i 2 , . . . , i t ) and j = (j 1 , j 2 , . . . , j t+1 ) such that 1 = j 1 ≤ i 1 < j 2 ≤ i 2 < . . . ≤ i t < j t+1 = r, and if a ∈ i then y a ≥ 1. For 1 ≤ m ≤ t, and (i, j) ∈ P t (y), define c m (i, j) to be the column vector of length r given by
A more intuitive description of c m (i, j) is that it is formed by taking the vector I(i m ) and swapping the entries in rows j m and j m+1 . Let 1 ≤ t ≤ r − 1 and suppose (i, j) ∈ P t (y). Let T y (i, j) be the set of matrices lying in M which have the further properties that:
• y a − 1 columns equal to I(a) for 1 ≤ a ≤ r − 1 and a ∈ {i 1 , i 2 , . . . , i t }.
• y a columns equal to I(a) for 1 ≤ a ≤ r − 1 and a / ∈ {i 1 , i 2 , . . . , i t }.
• One column equal to c m (i, j) for each 1 ≤ m ≤ t.
• All other columns equal to I(0) or I(r). 
• If e ≥ 2 then Y r = ∅.
• If e = 0 then i / ∈ Y r for all i ≫ 0 and i ∈ Y r for all i ≪ 0. For Y ∈ Λ, define y = (y 1 , y 2 , . . . , y r−1 ) where y s = |Y s | for all 1 ≤ s ≤ r − 1. If 1 ≤ t ≤ r − 1 let P t (Y) = P t (y) and for (i, j) ∈ P t (Y), let When r = 3, this is Proposition 3.2. A explicit description of these matrices for r = 4 is given at the start of the appendix. The partition Y ∈ Λ is uniquely determined: For 0 ≤ s ≤ r, Y s ⊂ I contains the indices of the columns which have exactly s entries equal to 1. This is because any column c m (i, j) has i m entries equal to 1. Hence if M ∈ T y (i, j) then there are y s columns with s entries equal to 1, for each 1 ≤ s ≤ r − 1.
There exists a column in M with 0 in row s and 1 in row u if and only if the column is equal to c m (i, j) for some 1 ≤ m ≤ t and
• s = j m and j m + 1 ≤ u ≤ i m ; or • i m + 1 ≤ s ≤ j m+1 − 1 and u = j m+1 ; or • s = j m and u = j m+1 . This shows that wt(s, u) ≤ 1 in each of the cases above, and wt(s ′ , u ′ ) = 0 for all other 1 ≤ s ′ < u ′ ≤ r. Hence G(M ) has no cycles or multiple edges and it remains only to show that it is connected. For 1 ≤ m ≤ t − 1, we have
so that wt(s, j m+1 ) = 1..For 2 ≤ m ≤ t and j m + 1 ≤ s ≤ i m we have
so that wt(j m , s) = 1. This proves that vertex s is connected in the graph G(M ) to vertex j 1 = 1 in all cases except where 2 = j 1 + 1 ≤ s ≤ i 1 and
By the assumption that y 1 ≥ 1, there must exist a column in M equal to I(1).
, and so vertex s is connected to vertex 1 in G(M ). A similar argument shows that if there exists s with i t + 1 ≤ s ≤ r − 1 then vertex s is connected to vertex r. This completes the proof that G(M ) is a tree.
Remark. The tree G(M ) where M ∈ T y (i, j) has the form: 
Proof. We use induction on r. If r = 2 and M ∈ M is such that G(M ) is a tree then M is row equivalent to a matrix which has one column equal to (0, 1) T , k ≥ 1 columns equal to (1, 0) T and all other columns equal to (0, 0)
T or (1, 1) T and which therefore satisfies the conditions of Lemma 4.4. So suppose that r > 2 and that Lemma 4.4 holds for r − 1. Suppose that M ∈ M and that G(M ) is a tree. By reordering the rows of the matrix, we may assume that vertex r in the graph G(M ) has degree 1 so that the matrixM consisting of the first r − 1 rows of M is also such that G(M ) is a tree. By the induction hypothesis, and by reordering the rows, we may assume that there exist a composition y = (y 1 , y 2 , . . . , y r−2 ) with y 1 , y r−2 ≥ 1, an integer 1 ≤ t ≤ r − 2 and (i, j) ∈ P t (y) such thatM ∈ T y (i, j). If c ∈ I, we will write col(c) = I(a) (resp. col(c) = c m (i, j)) to mean that the column ofM indexed by c is equal to I(a) (resp. equal to c m (i, j)).
Without loss of generality, assume that for 1 ≤ m ≤ t, we have col(m) = c m (i, j). Suppose first that there exists 1 ≤ m < t with M (r, m) = M (r, m + 1). Since we also have
we must have M (r, m) = 0 and M (r, m + 1) = 1, otherwise the degree of the vertex r in G(M ) is at least 2. This argument further implies that 
Note that these conditions imply that y 1 , y r−1 ≥ 1.
We secondly consider the case where M (r, m) = M (r, m + 1) for all 1 ≤ m ≤ t. Suppose that M (r, m) = 0 for all 1 ≤ m ≤ t. There must exist a column c ∈ I with col(c) = I(g) for some 0 ≤ g < r−1 with M (r, c) = 1, so suppose c is chosen such that g is minimal. Then 
where u is the number of columns with r − 1 entries equal to 1; by assumption, this is at least 1. 
Note that these conditions imply thatȳ 1 ,ȳ r−1 ≥ 1 since v ≥ 1.
The Proof. As above, we may assume that π = Id. Suppose that M = ∆(Y, (i, j), w) where (i, j) ∈ P t (Y) and we assume the usual notation. We show that if N is formed from M by a bead swap then N ∈ N(Y, π). As in the proof of Lemma 4.3, any such swap must involve a column which contains a column vector c m (i, j) for some 1 ≤ m ≤ t. The other column involved must either contain I(a) for some 1 ≤ a ≤ r − 1 or c m±1 (i, j). We first consider the latter case. For t > 1, consider the following transposed picture, with the rows corresponding to the columns containing c m−1 (i, j) and c m (i, j) for some 2 ≤ m ≤ t. Any bead swap involving these two columns must involve row j m . We now look at the other possible rows.
• If N is formed from M by a bead swap involving the columns equal to Since Y is fixed, we will write ∆((i, j), w) = ∆(Y, (i, j), w) for each matrix in N. Fix B ∈ B. From now on, we do not distinguish between a matrix M ∈ N and the partition λ = Pt(B, M ). Assume that Y 1 = {i 1 , i 2 , . . . , i y1 }, Y 2 = {j 1 , j 2 , . . . , j y2 }, Y 3 = {k 1 , k 2 , . . . , k y3 },
where we have i 1 < i 2 < . . . < i y1 ; similarly for Y 2 and Y 3 . If e ≥ 2 set i 0 = j 0 = k 0 = 0 and i y1+1 = j y2+1 = k y3+1 = e; if e = 0 choose i 0 , j 0 , k 0 ≪ 0 and i y1+1 , j y2+1 , k y3+1 ≫ 0.
To help with notation, we relabel the elements of N. The indices f, g, h below are all assumed to satisfy 1 ≤ f ≤ y 1 , 1 ≤ g ≤ y 2 and 1 ≤ h ≤ y 3 . Write 1, 2, 3), (1, 2, 3, 4) ), (f, g, h)). The columns that arise in these matrices are, in some order, the columns below, with the entry in the top row describing how many of those entries occur. When we act on the elements of N by a permutation π ∈ S r , we reorder the multicharge. Although the decomposition matrices depend on the ordering of the multicharge, we do have the following result. We would like to be able to give a closed formula, similar to that given in Theorem 1, for these decomposition numbers. In all the cases that we have looked at, if d µλ (v) = 0 then either two components of µ and λ are equal or two components of λ and µ are equal. Although we have not been able to check all (or even most) cases. it seems plausible that a closed formula exists and may even extend to decomposition numbers for core blocks whose weight graphs are trees in higher levels.
